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Abstract 

The paper deals with the relation of the Finite difference method to Trinomial Tree 

Approaches. The Finite difference method is numerical method which can be used for pricing 

many types of options. This is very useful especially in some cases of exotic options for which 

the analytical formula does not exist. But in some cases there could appear some 

inconsistencies of the results of options prices determined by this method. The Explicit finite 

difference method is equivalent to the Trinomial tree approach. Using the expression of the 

probabilities of moving the stock price in the Trinomial tree to the explicit version of Finite 

difference method can be explained this main problem associated with this method 
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1. Introduction 

Setting the right price of all types of options, from basic types of vanilla options to more 

complicated types of exotic options, is a very important part of derivative trading. The option 

price must be set very precisely in order to avoid all opportunities of arbitrage profit for traders.  

The Black – Scholes – Merton model for option pricing is at present one of the most famous 

tool for valuation of derivative contracts. Since the time of introduction Black – Scholes – 

Merton model in 1973 the volume of option trades significantly increased and next to common 

European vanilla options there were introduced various kinds of more complex types of exotic 

options. But some types of exotic options could be so complicated and difficult to price, that the 

Black – Scholes model in his basis could not be used to set their price. For some types of exotic 

options the analytical formula for their pricing do not exists, so that their prices have to be 

calculated by another method. Then come into play the numerical methods. Using these 

methods the prices of exotic options can be estimated. One alternative of options pricing is a 

Finite difference method based on the Black – Scholes differential equation. In some cases this 

numerical method there appears some inconsistencies of solutions obtained as a result. This 

problem can be explained and overcome using the relationship of Finite difference method and 

the Trinomial tree. When we interpret the Explicit finite difference method (EFDM) as the 

equivalent of Trinomial tree approach, we could illustrate the main problem associated with this 

numerical method for option pricing and overcome it.  
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2. Types of options 

One of the basic terms which will be mentioned is undoubtedly the term option. There 

exist two basic types of options: a call option gives the holder the right to buy the underlying 

asset by a certain date in the future in a certain price; a put option on the other hand gives the 

holder the right to sell the underlying asset by a certain price in a certain time. The price 

agreed by the seller and the buyer in this contract is known as the strike price and the date, 

when the right given in the option will expire, is known as the expiration date or maturity. It is 

important to emphasize, that the option gives his holder the right to do something and the 

holder is not obligated to exercise this right. (Hull, 2012) 

The ownership of the option provides only the right to do something and this is why the 

owner of the option has to pay something for conclusion of such a contract. An option buyer 

pays the option premium for the right to buy or sell the underlying asset, and, like the buyer of 

any other asset, faces carry costs. (Whaley, 2006) 

European type of option can be exercised only on the expiration date itself, American type 

of option can be exercised at any time during the whole life of the option contract. All the 

simple derivatives such as American or European options are together called plain vanilla 

options. But besides these simple types of options there exist a large number of nonstandard 

products, which have been created at the over-the-counter derivatives market. These products 

are together termed as exotic options. These exotic products are often structured by financial 

institutions to meet the precise needs of their clients. Exotics have the structure different from 

standard calls and puts. They are designed for two reasons. The first reason is to reflect a view 

on potential future movements in particular market variables and to capture better the needs of 

traders to ensure their portfolio. And the second reason why exotic options are traded is that 

they appear to be more attractive tool for the traders to achieve profit. (Hull, 2012) 

2.1 Some kinds of exotic options 

One type of the exotic option is the Chooser option. The holder of the chooser option has 

the right to choose in given time in the future, whether his option will be call or put. That 

means, the holder can choose, whether he will buy or sell the underlying asset of the option. 

Of course, he will choose the way to maximize his profit from the transaction. The chooser 

option therefore provides the trader greater advantage, for which must pay a higher price. 

(Švábová, Ďurica, 2013) 

Another type of exotic option is Barrier options, whose payoff depends on whether the 

underlying asset price reaches a certain level during the lifetime of the option. If the options 

price will reach the fixed barrier, the option will start its life, or conversely ceases to exist. 

Barrier options are traded in the over-the-counter markets because they are more attractive 

and less expensive for the traders. (Jun, 2013), (Milev, Tagliani, 2010) (Broadie, Glasserman, 

Kou, 1997).  

Lookback options are another type of the exotic options that have their payoff dependent 

on the maximum or minimum asset price during the life of the option. Their payoff is the 

amount that the final asset price exceeds the minimum or maximum asset price achieved 

during the life of the option. (Leung, 2013)   

Exchange options are the options to exchange one asset to another. Their holder has the 

right to give up one asset at given time and receive in return another asset. For example, for 
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American investor, the option to buy Japanese yen with Australian dollars is the exchange 

option. (Gounden, O´Hara, 2009)    

3. Option pricing 

As we mentioned earlier, setting the correct price of each option traded on the financial 

market is very important for ensuring no arbitrage opportunities on the market. One of the 

basic models for pricing the financial derivatives is already mentioned Black – Scholes – 

Merton model. The basic model was proposed in the early 1970s by Black and Scholes as 

a basic model of behavior of option prices which underlying asset is non – dividend paying 

stock. F. Black and M. Scholes herewith achieved a major breakthrough in the pricing of 

European stock options, because their developed model has had a huge influence on the way 

that traders price the derivatives. The importance of their research was recognized in 1997 and 

they were awarded the Nobel Prize for economics. (Hull, 2012) 

The Black – Scholes model was improved by R. Merton in 1973. His approach was 

different from that of Black and Scholes. His approach was more general, because did not rely 

on some assumptions of the underlying asset. Merton includes into his model the assumption 

of the possibility of payment the dividend yield from the underlying share of the derivative. 

(Hull, 2012) 

Another way to setting the price of options is using the numerical methods. There exist 

several types of numerical methods by which the price of most kinds of options, including 

more complex exotic options, which are "path dependent", can be correctly estimated. These 

options have their payoff function dependent on a price development of the underlying share 

of the option. A very useful numerical method is a method of Binomial trees, by which a price 

of every type of option (including exotic options which are path dependent) could be 

estimated. The extension of Binomial trees represents the method of Trinomial trees, which 

will be explained later. Second way to estimate the price of some kinds of options should be 

the Finite difference method. This method is based on Black – Scholes – Merton partial 

differential equation and represents another possibility of option pricing. 

3.1 Black – Scholes – Merton model 

The Black – Scholes – Merton differential equation is an equation which has to be satisfied 

by the price of every type of financial derivative, whose underlying asset is a non-dividend 

paying stock. In other words, by this model the prices of the options dependent on non-

dividend paying stock are governed.  

To derive the Black – Scholes – Merton differential equation, several assumptions have to 

be satisfied:  

 The stock price follows the geometric Brownian motion with constant parameters μ (the 

expected return) and σ (the stock price volatility). 

 The short selling of securities is permitted with full use of the proceeds. 

 There exist no transaction costs and taxes and all the securities are perfectly divisible. 

 There are no dividends paid from the underlying share during the lifetime of the 

derivative. 

 There are no arbitrage opportunities. 

 The trading with securities is continuous. 

 The risk – free interest rate r is constant and the same for all times of maturity.  
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Some of these assumptions can be relaxed, for example the parameters of the stock price 

process can be known functions of the time, the interest rate can be stochastic under some 

conditions and the underlying share can bring dividend yield. (Hull, 2012) 

The key element in the Black – Scholes – Merton (BSM) analysis which leads to their 

pricing formulas for European call and put options is that the position in the stock and the 

derivative is riskless for only a very short period of time. Theoretically, the BSM model 

remains riskless only for an instantaneously short period of time. To remain riskless of the 

portfolio it must be rebalanced frequently. Because it is a true, that the return from the riskless 

portfolio in a very short period of time must be the risk – free interest rate. (Hull, 2012) 

Under the assumptions mentioned hereabove, using the portfolio consisting of the long 

position in a share and short position in dependent derivative, which must be riskless during 

a small interval of time (so that it must instantaneously earn the same rate of return as the 

other short term risk – free securities), we obtain the Black – Scholes – Merton differential 

equation: (Hardik, 2008) 
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In this equation (1) we used the Merton´s approach, which allows the existence of 

continuous dividend yield q, paid from the price of the underlying asset. Hereabove in the 

equation (1), the following notation is used: f is the price of the derivative (option), t means 

the time, S is the price of the underlying share, r is risk – free interest rate, q is dividend yield 

from the asset,   is the stock price volatility.  

This equation has infinite number of solutions based on the selected initial conditions. For 

a European call option the solution of the BSM equation is a formula: (Hull, 2012) 
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The notation used is valid as before, here in (2) and (3) moreover X is the strike price. The 

formula (2) is the most famous solution of the BSM differential equation (1) and is known as 

the Black – Scholes – Merton model (pricing formulas) for the price of European call options. 

The notation is as before, in addition here T is the time of maturity of the option. 

3.2 Trinomial tree method 

Trinomial trees can be used as an alternative approach to Binomial trees. Binomial tree is 

a very useful and popular technique for pricing options. It represents the asset price 

movements in the form of a tree, where different possible paths of the stock price over the life 

of the option are shown. The underlying assumption is that the stock price follows a random 

walk. Than in each time step, it has a certain probability of moving up by a certain percentage 

amount and a certain probability of moving down by a certain percentage amount. In the limit, 
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as the time step becomes shorter, this Binomial tree model becomes the same as Black – 

Scholes – Merton model mentioned hereabove. (Hull, 2012) 

The Trinomial tree approach is the enlargement of this consideration. More, in Trinomial 

tree we expect that the stock price can not only increase or decrease by a certain percentage 

amount with a certain probability, but can also remain at the same level. The general form of 

the Trinomial tree is shown in following figure. 

 

Figure 1 Trinomial stock price tree 
Source: Hull, 2012. 

Calculations for a Trinomial tree are the same as those for Binomial tree. We move from 

the end of the tree to the beginning. In each time interval t  the price of the underlying asset 

moves from its initial value 0S  to one of two new values, uSSu  0  and dSSd  0 , or stay 

the same 0S , where 1u  and 10  d . The percentage increase in the stock price when 

there is an “up” movement is 1u ; the percentage decrease when there is a “down” 

movement is d1 . If the stock price moves up to uSSu  0 , we suppose that the payoff 

from the option is uf . If the stock price moves down to dSSd  0 , we suppose the payoff 

from the option is df . And if the stock price stay the same 0S , we suppose the payoff from 

the option is mf . (Hull, 2012) 

Then in next step in the tree, each price of the underlying asset can move to one of three 

positions: up, down or middle. So that in each time interval the value of underlying asset in 

next time step is the value from step before, multiplied by coefficient u (up movement) or d 

(down movement) or stay the same (middle).  

At each node we calculate the value of exercising the option and the value of continuing it. 

The value of continuing the option is given by 

 ddmmuu

tr fpfpfpef  
, (4) 

where uf , mf  and df  are the values of the option in next up, middle and down nodes, 

respectively and up , mp  and dp  are the probabilities of up, middle and down movements, 

respectively. (Hull, 2012)  
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By repeating the calculation of option value in tree nodes from right to left we get 

a numerical estimate of the option price obtained by Trinomial trees method. 

3.3 Finite difference method 

The Black – Scholes – Merton equation is a partial differential equation which is valid 

throughout the whole given domain. The solution of the differential equation will be 

significantly easier if we reduce the domain of definition into a finite number of points. This 

consideration is the keynote of Finite difference method.  

Suppose that the life of the option is T. We divide the whole option lifetime into N equally 

spaced intervals of length t . Then suppose that a maximum stock price is maxS  which is so 

high that, when it is reached, the corresponding put option has virtually no value.  We divide 

the whole stock price interval from 0 to maxS  into M equally spaced subintervals with 

length S . Than we reduce all the considerations into only grid points, which we define as 

the time points and stock price points. The variable jif ,  will denote the value of the option in 

time ti  with stock price Sj . The whole grid consists of   11  MN  points. (Hull, 2012)  

The keynote the Finite difference method is to replace the partial derivations in the BSM 

differential equation (1) with given differences. Every interior point of the grid has the value 

of the partial differential equations approximated with the differences of the values of the 

option in neighboring nodes. There exist two basic ways to use the Finite difference method, 

depending on the differences used: 

 The Implicit finite difference method uses the approximations, which by being 

substituted to equation (1) leads to a system of equations for the unknown value of 

the derivative at internal points of the grid. By repeating the procedure for solving 

the system we obtain the derivative price at the time zero.   

 The Explicit finite difference method uses such approximations of partial 

derivations, which by being substituted to equation (1) leads to the formula for 

calculating the price of the derivative at that point directly: 
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Similarly like in the Trinomial tree, we move from the end of the grid to the beginning. At 

each node we calculate the value of the derivative using the expression (5). The main 

assumption is that the values of the option in the endpoints of the grid are known: 

 at the time of expiration, the value of the option is given by the payoff function, 

 for a share with zero prices the call option has zero prices too, 

 for a share with maximum price maxS  the corresponding put option has zero value, 

so that the price of call option follows from the put – call parity. (Švábová, Ďurica, 

2012) 

The equation (5) gives the relationship between three different values of the option at time 

ti  (that are the points 1, jif , jif ,   and 1, jif ) and one value of the option in time   ti 1  

(that is the point jif ,1 ) as shown in following figure of the EFDM. 



 
 

265 

 

 

Figure 2 Explicit finite difference method grid 
Source: Own elaboration. 

4. Relation of the Explicit finite difference method to Trinomial tree approach 

The EFDM is equivalent to the Trinomial tree approach. We could reformulate the 

expression (5) by 

1,1

*

,1

*

1,1

*

,   jijjijjijji fcfbfaf
, 

(6) 

where  

  ,
2

1

2

1

1

1 22*











 tjtjqr

tr
a j   (7) 

 ,1
1

1 22* tj
tr

b j 


 
 

(8) 

  .
2

1

2

1

1

1 22*











 tjtjqr

tr
c j 

 

(9) 

In these expressions we can interpret the terms as follows: (Hull, 2012) 

   tjtjqrpd  22*
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1
  is probability of stock price decreasing from Sj  

to   Sj 1  in time t , 

 tjpm  22* 1   is probability of stock price remaining unchanged at Sj  in time 

t , 

   tjtjqrpu  22*
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  is probability of stock price increasing from Sj  to 

  Sj 1  in time t . 

The interpretation is illustrated in following figure.  
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Figure 3 Interpretation of Explicit finite difference method as a Trinomial tree 
Source: Hull, 2012. 

Since these three expressions 
*

dp , 
*

mp  and 
*

up  are probabilities, they sum to unity. Because 

these three probabilities appear in the expression for calculating the price of the option by 

EFDM (6), they can be used to illustrate the main problem associated with this method. And 

here comes the main substance of the relationship between these two numerical methods.  

For the Explicit version of the FDM to work well, the three probabilities should all be 

positive. But for some values of input parameters used for option pricing by EFDM, the 

probabilities will sum to unity indeed, but some of them should be negative, which could lead 

to incorrect results of numerical estimate of the option price obtained by EFDM. Because the 

probabilities in the associated Trinomial tree may be negative, the EFDM does not necessarily 

produce the results that converge to the solution of BSM differential equation. (Hull, 2012) 

We will describe this situation in the example.  

Let us have European call option, which will expire 1 year later. The option has the strike 

price 100 and the underlying asset price is 100 too. The risk – free interest rate is 5 % and the 

dividend yield paid from the asset is 2 %. The volatility of the option is 14 %. We will price 

this option by FDM using the method suggested in (Švábová, 2011). The grid used for the 

valuation has 100 subintervals of stock price interval, where maximum possible stock price is 

200. Time interval from 0 to maturity in 1 year will be divided into more subintervals: from 2 

doubled to 1024. As we mentioned hereabove, in some steps of using the EFDM, there appear 

some inconsistencies: some of the results are negative or are too big numbers to be properly 

results. Using the interpretation of the equation (6) with the probabilities 
*

dp , 
*

mp  and 
*

up  of 

moving the stock price down, unchanged and up in the grid we could find the points in the 

grid, where the inconsistencies could appear.  

In the example described hereabove the values of the probability 
*

mp  are sometimes 

negative. The others probabilities 
*

dp  and 
*

up  are positive numbers, but their values exceed 1, 

so that their interpretation as probabilities is not possible in this case. The incorrect values of 

the probabilities 
*

mp  for various values of t  depending on the step j in the direction of axis S 

(stock prices) are shown in following figure. 
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Figure 4 Non-properly values of probabilities *

mp  for various t  

Source: Own elaboration. 

As we can see in the picture hereabove, for 10241t  the probabilities 
*

mp  have correct 

values: are positive and smaller than 1. The larger the length of the time interval is, the more 

non-properly results appear. For 5121t  the inconsistencies appears for 72j , that is for 

144S  in this example. Our price of the underlying asset is 100S , which corresponds to 

50j . In this division of time interval the price of the call option is correctly estimated, 

because this price is above the non-properly values of 
*

mp . For smaller number of subintervals 

in time interval of option life there appears increasingly more values of probabilities  
*

mp , 

which are negative. In following table the values of j and corresponding S, from which the 
*

mp  

are non-properly valued for various length of t  are written.  

Table 1.Values of j and corresponding stock price S with 
*

mp  negative. 

t  5121  2561  1281  641  321  161  81  41  21  

j 72  51  36  26  18  13  9  7  5  

S 144  102  72  52  36  26  18  14  10  

Source: Own elaboration. 

  As we mentioned, for 10241t  have all the probabilities 
*

mp  properly values, so that 

the call option price is correctly estimated.  For 5121t  is stock price 100S  above the 

corresponding points with negative values of 
*

mp , so here the call option is still correctly 

valued and the same is for 2561t . But for smaller number of grid points in the direction 

of timeline there appears non-properly results from EFDM – some results are negative or are 

too big to be correct option price. In following table the estimated values for this call option 

with given parameters obtained from EFDM are shown. As we can see the estimates are 

correct just for 2561t  and smaller from those listed. 
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Table 2.Estimated prices of call option from EFDM. 

Number of time 

subintervals 
2 4 8 16 32 64 128 256 512 1024 

Call option price < 0 < 0 < 0 < 0 < 0 35331,97 2477,0049 7,0026 7,0015 7,0009 

Source: Own elaboration. 

So that in this example it is necessary to choose the number of time subintervals more than 

256 from those listed. Then we will get properly results which will be close to real price of the 

call option calculated from BSM formula (2) which is 0142,7c .  

By this relationship between the Trinomial trees and Explicit finite difference method we 

could choose the appropriate number of grid points to get properly estimated results of option 

prices.  

5. Conclusion 

Explicit finite difference method is a numerical method which can be used for option price 

estimating. The main problem associated with this method is that for some values of selected 

option parameters and the number of subintervals in the direction of timeline and stock price 

there could appear the results, which sure cannot be correct, because are negative or too big 

values to be correct prices. Than it is a problem to choose the right density of the grid in 

EFDM to obtain correct results of the option prices estimates. This problem can be solved by 

using the relationship between the EFDM and Trinomial trees. Than we could interpret the 

expression for calculating the option prices in grid points using the probabilities of moving 

the stock price up, unchanged and down. Whereas this statement includes probabilities, we 

have the conditions, from which we could determine the right grid density. Than the results 

obtained from EFDM are correct and converge to the right price of the option. In this paper 

we represented this relationship and its use on the European call option, but it could be of 

course used also for some more complex exotic option.  
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